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■ How did the notion of numerosity arise?
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NUMERIC COGNITION AS AN INTERDISCIPLINARY SUBJECT

Number words!

■ How did the notion of numerosity arise? 

■ How do children acquire number words and numerical 
concepts (e.g. Piantadosi et al, 2012)? 

■ How do humans associate linguistic symbols with 
numerical quantities?



NUMBER WORDS

■ “Numerals” 

■ Today: English numerals 

■ Bare numerals: zero, one, two, three 

■ Modified numerals: more than two, less than five



ROADMAP

■ Bare numerals: What do they mean? 

■ Semantic/pragmatic approaches:  

■ What theoretical linguists have said 

■ Acquisition of numeral meanings & expressions:  

■ What developmental psychologists have said



WHAT DO NUMERALS MEAN

■ What does three mean? 

■ Several readings: 

■ exactly n 

■ at least n 

■ at most n



EXACTLY N

■ Kate has three children.



EXACTLY N

■ A: Do you have three children? 

■ B: No, I don’t have three children. I have two/four. 

 #Yes, I have two children. 

 #Yes, I have four children.



AT LEAST N

■ Everyone who missed three of the questions failed the exam.

Kyle missed 3Mary missed 1 Sue missed 4
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■ Everyone who missed three of the questions failed the exam.

Kyle missed 3Mary missed 1 Sue missed 4



AT LEAST N

■ Certain modal verbs create a context that makes the 
at least n reading salient:

a. In Britain, you have to be 18 to drive a car. 
→ 18 or older   

b. Mary needs to get three As if she wants to graduate. 
→ three or more As

Necessity modals



AT MOST N

■ If you spend 100 dollars, the department will cover for you.

Paul spent 100John spent 50 Hmm …
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AT MOST N

■ Certain modal verbs create a context that makes the 
at most n reading salient:

a. She can have 2000 calories a day without putting on weight. 
→ 2000 or fewer 

b. At MIT, you are allowed to enroll in three classes per semester. 
→ Three or fewer

Possibility modals



NON-EXACTLY READINGS & MODAL VERBS

■ Necessity modals: have to, need, must, etc. 

■ “It is necessary that P happens.” 

■ Makes salient the at least n reading 

■ Possibility modals: can, are allowed to, etc. 

■ “It is possible that P happens.” 

■ Makes salient the at most n reading



TAKE-HOME MESSAGE

■ In addition to the exactly interpretation, bare numerals 
can receive non-exactly interpretations. 

■ Which interpretation stands out seems to be (partly) 
contingent on the linguistic environment that a bare 
numeral is in.



QUESTIONS

■ What is the relationship between these different 
interpretations of bare numerals? 

■ How do they arise?



THE LINGUISTICS OF BARE NUMERALS

■ One major goal for a linguistic theory of numerals is to 
account for these various interpretations on the basis of  

■ (a) uniform semantics that assigns literal meanings 

■ (b) pragmatic principles that deliver intended meanings



SEMANTICS VS. PRAGMATICS

■ Semantic component determines the contribution of 
numerals to the literal meaning of the sentences in 
which they occur; 

■ Pragmatic component further computes the meaning 
on this basis, and determines the way in which the 
literal meaning is enriched as a result of a reasoning 
about speakers’ communicative intentions.



DECOMPOSING BARE NUMERALS

■ What are the semantic & pragmatic components 
involved in computing the meaning of a bare numeral 
in certain context?



THREE APPROACHES

■ THE NEO-GRICEAN VIEW: at least n is the basic meaning; 
exactly n is derived via pragmatic enrichment. 

■ THE ‘EXACTLY’-ONLY VIEW: exactly n is the basic meaning; 
non-exactly readings result from the interaction of this 
meaning with background, non-linguistic knowledge. 

■ THE AMBIGUITY VIEW: numerals are ambiguous between 
exactly and non-exactly readings.



THE NEO-GRICEAN VIEW

■ Three girls went to the party. 

■ Literal meaning assigned by semantics makes it 
equivalent to: At least three girls went to the party. 

■ But is it judged as true in a scenario where five girls 
went to the party?



PRAGMATIC ENRICHMENT

■ Three girls went to the party. 

■ Generally interpreted to as: no more than three girls 
went to the party  

■ Enrichment via a reasoning that the hearer performs 
regarding the speaker’s communicative intentions



GROUND ZERO: ASSUMPTIONS

■ Speakers and listeners are cooperative in order to 
achieve effective conversational communication in 
common social situations 

■ Be truthful 

■ Be informative  

■ Be relevant 

■ Be clear, brief, and orderly



DERIVING 'EXACTLY N’ VIA CONVERSATIONAL IMPLICATURE

■ Step 1: The speaker must believe that three or more 
than three girls went to the party (i.e. literal meaning). 
This follows from the assumption that a cooperative 
speaker only says things that she believes.



DERIVING ‘EXACTLY N’ VIA CONVERSATIONAL IMPLICATURE

■ Step 2: Had she furthermore believed that more than 
three girls went to the party, it would have been more 
informative for her to say ‘four girls went to the party’.  

■ (a) numerals are natural ‘alternatives’ of each other 

■ (b) a cooperative speaker, when choosing between 
different alternative sentences, picks the one that 
provides as much relevant information as possible 
compatible with her beliefs



■ Step 3: Hence, the speaker does not have the belief that 
more than three girls went to the party. 

■ Step 4: Assuming that the speaker is knowledgeable, 
she must in fact believe that exactly three girls went to 
the party.

DERIVING ‘EXACTLY N’ VIA CONVERSATIONAL IMPLICATURE



TAKING A STEP BACK…

■ The Neo-Gricean approach generates, via pragmatical 
reasoning, a strengthened meaning: [3,∞) → exactly 3  

■ Why?  

■ One key assumption underlying the Neo-Gricean 
derivation is that the speaker believes that the 
literal reading of the uttered sentence is true.  

■ Hence, the intended meaning of the utterance has 
to entail its literal meaning.



NEO-GRICEAN PREDICTION: UNDER NEGATION

■ Peter didn’t solve five problems.  

■ Neo-Gricean prediction: Peter solved fewer than 5  
(i.e. it is false that he solved at least 5) 

■ Two plausible alternatives: 

■ a. Peter didn’t solve four problems. 

■ b. Peter didn’t solve six problems. 

■ a is more informative, b is less informative, and thus 
the negation of a is expected to be the implicature



■ Peter didn’t solve five problems.  

■ Predicted → … he solved only four problems. 

■ But also → … he actually solved all six! 

■ The Neo-Gricean prediction is only partially correct.

NEO-GRICEAN PREDICTION: PARTLY CORRECT



‘AT MOST N’ READING?

■ Under all its variants, the Neo-Gricean approach is 
unable to generate ‘pragmatically strengthened’ 
readings that fail to entail the literal meaning. 

■ So what do we do with at most n reading? 

■ Cannot be entailed by at least n reading 

■ These concerns prompted semanticists/pragmaticists 
to reconsider the Neo-Gricean assumptions.



■ Three girls went to the party. 

■ Literal meaning assigned by semantics: exactly n 

■ Any non-exactly reading is derived from this basic 
reading, via pragmatic mechanisms; specifically, via 
background, non-linguistic knowledge

THE ‘EXACTLY’ ONLY VIEW



FROM ‘EXACTLY’ TO ‘NON-EXACTLY’

■ Everyone who missed three of the questions failed the exam. 

■ Given our knowledge of how exams work (i.e. the 
more questions you miss, the more likely you’ll fail.) 

■ If you spend 100 dollars, the department will cover for you. 

■ Given our knowledge of how reimbursement works 
(i.e. usually there is an upper limit.)



MORE THAN WORLD KNOWLEDGE 

■ But in fact, at least interpretations have a much wider 
distribution than at most interpretations, which are 
restricted in what’s called ‘downward-entailing 
environments’ 

■ If world knowledge is all that matters, this asymmetry 
is unexpected. 



THE AMBIGUITY APPROACH

■ Bare numerals are ambiguous between the exact and at 
least interpretations 

■ The at least reading is in principle available in pretty 
much all syntactic environments. It can sometimes be 
pragmatically strengthened into the exactly reading. 

■ (There is no genuine at most reading; they occur in 
very restricted environments, where they turn out to 
be contextually equivalent to the exactly reading.)



THE ACQUISITION OF BARE NUMERALS

■ A lot of psycholinguistic developmental studies have 
suggested that young children can successfully compute 
exactly readings for bare numerals.

(e.g. Papafragou & Musolino, 2003; Huang & Snedeker, 2009)



NUMERIC CONCEPT LEARNING

■ Children develop an understanding of the basic 
principles underlying counting. 

■ They eventually have to learn that number words refer 
to “precise, constant and unique numerosities”  

■ The Specific/Unique Numerosities (SUN) hypothesis 
(Wynn, 1992; Sarnecka & Gelman, 2004) 

■ Linguistically, this requires exactly semantics.



NUMERIC CONCEPT LEARNING

■ But we know that bare numerals also have non-exactly 
interpretations! 

■ Are children able to interpret bare numerals as such, 
whenever possible?



COMPREHENDING BARE NUMERALS

■ Musolino (2004): by the age of 5, children have implicit 
knowledge that ‘two’ can be interpreted as at least/at 
most two, even though they do not yet know the 
meaning of the corresponding expressions ‘at least/at 
most two’



STUDY 1: TRUTH VALUE JUDGMENT TASK

■ Strategy:  

■ Create stories/contexts in which ‘two NOUN’ would 
most naturally receive at least/most interpretations.  

■ Invite the child to respond to the story.



AT LEAST N CONDITION

“Let’s see if Goofy can help the Troll. The Troll needs two cookies. 
Does Goofy have two cookies?”



RESULTS

Adapted from Musolino (2004)



DISCUSSION

■ Adult speakers of English can easily access the at least 
n and at most n interpretation of numerals. 

■ Preschoolers by the age of 5 are also able to accessing 
such interpretations in contexts where they are 
licensed.



HOW?

■ How do children learn that numerals can receive non-exact 
interpretations?  

■ English provides lexical means to explicitly express such 
interpretations, e.g. ‘at least/at most two NOUN’ 

■ It wouldn’t be unreasonable to suppose that children’s 
knowledge of the full range of readings comes through 
a prior understanding of the meaning of these 
expressions.



■ But is it really the case?



STUDY 2: COMPREHENDING AT LEAST/AT MOST

■ Children were presented with cards showing smiley 
faces. Each set of cards contained a card that showed 
zero, one, two, three, four or five smiley faces.  

■ Children were told that a ‘picky’ puppet only wanted to 
keep cards that had ‘exactly two’ / ‘at least two’ / ‘at 
most two’ smiley faces on them. 

■ [Card with 3 smily faces]: “The puppet only wants to keep 
cards that has at least two smiley faces. Will the puppet want to 
keep this card?” 



PROCEDURE

■ Between-subject condition: ‘at least’ vs. ‘at most’ 

■ Within-subject condition: ‘exactly’  

■ Blocked trials: 

■ Six cards, ‘exactly two’ 

■ Six cards, ‘at least/most two’



RESULTS

exactly at least at most

Adult 100% 100% 95.5%

Children 100% 50% 54.1%



PATTERN

■ ‘at least two’: 

■ All children gave the same pattern of ‘exactly two’ 

■ ‘at most two’: 

■ More than half of the children gave the same pattern 
corresponding to ‘exactly two’ 

■ “What does at least/most two smiley faces mean?”  

■ “only get two / means only two / count to two.”



DISCUSSION

■ This may suggest that 5-year-olds haven’t yet learned 
the meaning of the expressions ‘at least’ and ‘at most’.  

■ Children are much more likely to arrive at an intended, 
non-exactly interpretation of bare numerals when the 
context dictates that they do so (Study 1) than when 
the numerals are overtly modified (Study 2).



SUMMARY

■ Bare numerals have an ‘exactly’ reading as well as ‘non-
exactly’ readings.  

■ Semantic and pragmatic theories have different 
proposals for how these readings are delivered. 

■ Children by the age of 5 are able to access non-exactly 
readings of bare numerals when they are licensed in the 
context, even before corresponding expressions such as 
‘at least’ / ‘at most’ are acquired.



FURTHER QUESTIONS……

■ What do all of these mean for the development of 
numerical concept?  

■ How do children learn the meaning of number words, 
especially the non-exactly interpretations of bare 
numerals? 

■ Bootstrapping: the co-occurrence between a non-
exactly reading and a necessity/possibility modal?



THANK YOU!

Acknowledgements 

Thank you to Keny Chatain and Filipe Hisao Kobayashi 
for their helpful comments on the materials.

Website: sherrychen.org 

Email: sychen@mit.edu


